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Section 5.2 Integration by "u" substitution

These are the only rules for integration that we use in our class. We were able to rewrite all the
problems in section 5.1 to fit one or more of the rules using basic Algebra.

The problems in section 5.2 will also need to be rewritten so that we can apply the integration rules we
learned in section 5.1. The rewriting is a little trickier. The technique we will use to rewrite each
problem so that it we can integrate is called u — substitution.

Basic Integration Rules
Power Rule: [ x"dx = ﬁx"“ + C provided n # —1

Integral of a constant Rule: [adx = ax +
C (ais any real number)

[x tdx =In|x| + C

"l n R | :
o Rue fidx=ln|x|+C

"e"Rule [e*dx =e*+C

C represents any real number

Properties of integrals

J(FO) + g(@)dx = [ f(x)dx  + [ g(x)dx
[(f) —g(@)dx = [ f()dx — [ g(x)dx
Jaf(x)dx =a [ f(x)dx




Example: Rewrite a problem that has a parenthesis with an exponent
using u — substitution, then integrate to find the answer.

[10x(5x% — 4)°dx

Rewrite the problem so that the parenthesis is first:

= [(5x% — 4)>10xdx

Next: let u = inside of the parenthesis

let u = 5x% — 4

Rewrite the problem so that the “parenthesis is changed to an "u"
= [u”10xdx

Next find du
dx

u=>5x%—4

d d d
—u=—>5x>-——4
dx dx dx
du

— =10

dx

Multiply by dx to clear the fraction.
dx 2 = 10xdx
dx

du = 10xdx




Next replace 10xdx with du

= [u”10xdx = [u’du

Next integrate: use Power Rule
= éu6 +C

Last change u to 5x% — 4 to get the answer

Answer: %(sz — 4o+ C




Example: Rewrite a problem that has a parenthesis with an exponent
using u — substitution, then integrate to find the answer.

[20x(5x% — 4)>dx

Rewrite the problem so that the parenthesis is first:

= [(5x% — 4)°20xdx

Next: let u = inside of the parenthesis

let u = 5x% — 4

Rewrite the problem so that the “parenthesis is changed to an "u"
= [u°20xdx

Next find du
dx

u=>5x%—4

d d d
—u=—>5x>-——4
dx dx dx
du

— =10

dx

Multiply by dx to clear the fraction.
dx 2 = 10xdx
dx

du = 10xdx




This is not good enough. | need to replace 20xdx.

Multiply by 2.
2du = 2 * 10xdx
2du = 20xdx

Next replace 20xdx with 2du
= [u°20xdx = [u°2du = [2u°du
Rewrite using: [ af (x)dx = a [ f(x)dx

=2 [u’du
Next integrate: use Power Rule:

=2 %=y +C
6
=-ub+C
3
Last change u to 5x% — 4 to get the answer

Answer: §(5x2 — 45+ C




Example: Rewrite a problem that has an

then integrate to find the answer.
Find: [ 12x2e** dx

Rewrite the problem with the e first.
= [e*’12x2dx

Let u = exponent of the e

Let u = 4x3

e"using u — substitution,

Rewrite the problem with u in the exponent of the e

= [e%12x%dx

Next find du
dx

u = 4x3

d d
—u =—4x3
dx dx

du

— = 12x2
dx

Multiply by dx to clear the fraction.

dxe ™ = dx  12x2
dx

du = 12x%dx




Next replace 12x? dx with du

= [e%12x%dx

= [e%du

Integrate: Use "e"Rule [e*dx =e*+C
=e*+C

Replace the u with 4x3and write answer

3
Answer: e**” 4+ C




Example: Rewrite a problem that has an

then integrate to find the answer.
Find: [ 2x2e*dx

Rewrite the problem with the e first.
= [e*’2x2dx

Let u = exponent of the e

Let u = 4x3

e using u

— substitution,

Rewrite the problem with u in the exponent of the e

= [e%2x?%dx

Next find du
dx

u = 4x3

d d
—u=—4x3
dx dx

du

= = 12x%
dx

Multiply by dx to clear the fraction.

de ™ = dx * 12x2
dx

du = 12x%dx




Multiply by % to get a match
of what is left unchanged inside the integral

du = 12x%dx
Lau =1+ 12x2dx
6 6

1 2

gdu = 2x°dx

Replace the 2x2dx with %du
= [e%2x%dx

= fe”%du= f%eudu

Rewrite: using [ af(x)dx = a [ f(x)dx
1 u
=—[e%du

Integrate: Use "e"Rule [e*dx =e* +C
1

=-e*+C
6

Replace the u with 4x3and write answer

1 4.3
Answer: ge‘“‘ +C




Example: Rewrite a problem that has a fraction using u —
substitution, then integrate to find the answer.

f16 dx

4x—-3

First rewrite the problem so that it has a negative exponent instead of
a fraction.

[=dx = [—>—dx = [(4x — 3)"116dx

4x-3 (4x-3)1
(it saves a step to write the parenthesis first)
let u = inside of the parenthesis

u=4x-—3

Rewrite the problem so that the “parenthesis is changed to an "u
[(4x —3)"116dx
= [u116dx
Next find
dx

u=4x-—3

d d d
—u=—4x——3
dx dx dx

du
— =4
dx




Multiply by dx to clear the fraction.
dx X = dx « 4
dx

du = 4dx
the Algebra give me du = 4dx

But | need to replace 16xdx [ u~'16dx

Multiply by 4
4du = 4 * 4dx
4du = 16dx

Replace 16dx with 4du

fut16dx = [u™'4du = [ 4u"1du
Rewrite: using [ af(x)dx = a [ f(x)dx
=4 [uldu

Integrate using:

1. _
In" Rule: {fx dx = In|x| + C

= 4In|ul + C
Change the u to 4x — 3 and write the answer

Answer: 4in|dx — 3|+ C

#1 — 12: Use u-substitution to evaluate the indefinite integrals. (Minimum homework all odds)



1) [2x(x?+5)*dx

2) [3x%(x3 —4)°dx

Rewrite the problem so that the parenthesis is first:

Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis is changed to an "u

Next find du
dx

Multiply by dx to clear the fraction.



Next replace to make problem only have u’s

Next integrate: use Power Rule:

[x"dx = —x™1 4+ C provided n # —1
n+1

Last change u back to get the answer

answer: [3x%(x3 — 4)°dx =%(x3 -4 +C



3) [(2x +3) (x? + 3x — 4)3dx

4) [(8x + 2) (4x? + 2x — 7)°dx

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &

dx
Multiply by dx to clear the fraction.

Next replace to make problem only have u’s

Next integrate: use Power Rule:

[ x"dx = ﬁx”“ + C providedn # —1



Last change u back to get the answer

answer: [(8x +2) (4x? + 2x — 7)°dx = %(4)62 +2x—=7)+C



5) [ 2xe* dx

6) [3x2e* dx

Rewrite the problem so that the “e” is written first:
Next: let u = exponent of the e

Rewrite the problem so that the exponent is changed to an "u
Next find du

dx
Multiply by dx to clear the fraction.

Next replace to make problem only have u’s

Next integrate: "e" Rule [e*dx =e*+C

Last change u back to get the answer

3 3
answer: [3x%e* dx =e* +C



7) [(2x + 5) eX*+5%qx

8) [(6x2 + 8x) XX +4x*+3y

Rewrite the problem so that the “e” is written first:
Next: let u = exponent of the e

Rewrite the problem so that the exponent is changed to an "u
Next find du

dx
Multiply by dx to clear the fraction.

Next replace to make problem only have u’s

Next integrate: "e" Rule [e*dx =e* +C

Last change u back to get the answer

3 2 3 2
answer: [(6x% 4 8x) 2 H4X 43y = 2XTHAXTH3 4



9) [——dx

4x-7

10
10x+3

10) | dx

Rewrite so that the problem is not a fraction, and has a parenthesis
with a —1 exponent

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

n n

changed toan "u
Next find du
dx

Multiply by dx to clear the fraction.

Next replace to make problem only have u’s

[x7tdx =In|x| + C

Next integrate: "In" Rule:
8 fidx=ln|x|+C

Last change u back to get the answer

10
10x+3

answer: [ dx = In|10x + 3|+ C



2x+3

11)fxz+3x—5dx
6x+9
12 ———dx
) f3x2+9x—2

Rewrite so that the problem is not a fraction, and has a parenthesis
with a —1 exponent

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &
dx
Multiply by dx to clear the fraction.

Next replace to make problem only have u’s
[x7ldx =In|x| + C

Next integrate: "In" Rule:
& fidx=1n|x|+C

Last change u back to get the answer

6x+9
3x2+9x—2

answer: [ =In|3x2+9x - 2| +C



#13-24: Use u-substitution to evaluate the indefinite integrals.

13) [ 6x(x? + 5)*dx

14) [15x%(x3 — 4)°dx

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &
dx
Multiply by dx to clear the fraction.
This is not good enough. Multiply to make a perfect match
Next replace to make problem only have u’s

Next integrate: Power Rule:

Last change u back to get the answer

Answer: [ 15x2(x3 — 4)%dx = g(x:"' -4 +C



15) [(4x + 6) (x? + 3x — 4)3dx

16) [(32x + 8) (4x? + 2x — 7)°dx

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &

dx
Multiply by dx to clear the fraction.

This is not good enough. Multiply to make a perfect match

Next replace to make problem only have u’s

Last change u back to get the answer

Answer: [(32x + 8) (4x? + 2x — 7)°dx = §(4x2 +2x—=7)¢+C



17) [ 10xe**dx

18) [15x%e* dx

Rewrite the problem so that the “e” is written first:
Next: let u = exponent of the e

Rewrite the problem so that the exponent is changed to an "u
Next find &

dx
Multiply by dx to clear the fraction.
This is not good enough. Multiply to make a perfect match.
Next replace to make problem only have u’s
Next integrate: "e" Rule [e*dx =e*+C

Last change u back to get the answer

answer: [15x2e*’dx = 5¢*’ +C



19) [(8x + 20) e***+5%dx

20) [(18x2 + 24x) e2X +4xX°+3

Rewrite the problem so that the “e” is written first:
Next: let u = exponent of the e

Rewrite the problem so that the exponent is changed to an "u
Next find &

dx
Multiply by dx to clear the fraction.
This is not good enough. Multiply to make a perfect match.
Next replace to make problem only have u’s
Next integrate: "e" Rule [e*dx =e*+C

Last change u back to get the answer

answer: [(18x% 4 24x) e2 +4* 3y = 3207 +4x*+3 4



21) [——dx

30
10x+3

22) | dx

Rewrite so that the problem is not a fraction, and has a parenthesis
with a —1 exponent

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &
dx
Multiply by dx to clear the fraction.

This is not good enough. Multiply to make a perfect match.



Next replace to make problem only have u’s

[xtdx =In|x| + C

Next integrate: "In" Rule:
& fidx=1n|x|+C

Last change u back to get the answer

30
10x+3

answer: [ dx = 3In|10x + 3| + C



16x+24
x2+3x-5

23) |

42x+63
24) f 3x24+9x-2

Rewrite so that the problem is not a fraction, and has a parenthesis
with a —1 exponent

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &
dx

Multiply by dx to clear the fraction.



This is not good enough. Multiply to make a perfect match.

Next replace to make problem only have u’s

[xtdx =In|x| + C

Next integrate: "In" Rule:
8 fidx=ln|x|+C

Last change u back to get the answer

42x+63
3x2+9x-2

answer: [ =7In|3x?*+9x - 2|+ C



#25-32: Use u-substitution to evaluate the indefinite integrals.

25) [ 2x(4x% +5)*dx

26) [3x%(5x% —4)°dx

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &
dx
Multiply by dx to clear the fraction.
This is not good enough. Multiply to make a perfect match
Next replace to make problem only have u’s

Next integrate: Power Rule:

Last change u back to get the answer

answer: [ 3x?(5x3 — 4)%dx = 3—10(5953 -4 +C



27) [(2x +3) (2x? + 6x — 1)3dx
28) [(4x + 1) (4x? + 2x — 7)°dx
Rewrite the problem so that the parenthesis with the exponent is first:

Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

n n

changed toan "u
Next find 22
dx
Multiply by dx to clear the fraction.
This is not good enough. Multiply to make a perfect match

Next replace to make problem only have u’s

Next integrate: Power Rule:

Last change u back to get the answer

answer [(4x + 1) (4x? + 2x — 7)°dx = 1—12(4x2 +2x—7)°+C



29) [ ——dx

5
10x+3

dx

30) [

Rewrite so that the problem is not a fraction, and has a parenthesis
with a —1 exponent

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &
dx
Multiply by dx to clear the fraction.

This is not good enough. Multiply to make a perfect match.

Next replace to make problem only have u’s



[xtdx =In|x| + C

Next integrate: "In" Rule:
8 fidx=ln|x|+C

Last change u back to get the answer

5
10x+3

answer: [ dx = %lnlle +3|+C



2x+2
3x2+6x—5

31) [

2x+3
32) f3x2+9x—2 dx

Rewrite so that the problem is not a fraction, and has a parenthesis
with a —1 exponent

Rewrite the problem so that the parenthesis with the exponent is first:
Next: let u = inside of the parenthesis

Rewrite the problem so that the “parenthesis with the exponent is

changed toan "u
Next find &
dx
Multiply by dx to clear the fraction.

This is not good enough. Multiply to make a perfect match.

Next replace to make problem only have u’s



[xtdx =In|x| + C

Next integrate: "In" Rule:
8 fidx=ln|x|+C

Last change u back to get the answer

2x+3
3x2+9x—2

answer: [ =§ln|3x2+9x—2|+C



